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Abstract edness of data structures is expressible-lngic.

o I . ) Given a standard model for Haskell, to show that it is
P-logic is a verification logic for the programming lan- actually a model foP-logic we must prove that each of the
guage Haskell. Inference rules are expressed in sequent Calinfarence rules of the logic is valid for the model. More
culus for each of the term constructs of Haskell. Validating specifically, a soundness proof of a rule consists in showing

soundness of these rules is an essential task. Most rulegy,¢ nger every type-compatible assignment of values to
of P-logic are polymorphic, independent of Haskell's type ¢ free variables occurring in the rule, its consequence is

classes. The paper develops a parametricity principle for 4o of the model whenever all of its hypotheses are true.
predicates of P-logic, which justifies checking soundness of . ;se of the phrase “free variables” refers here to both

polymorphic rules at a particular type instance. By imple- ... 2nq predicate variables
menting the Haskell semantics with a meta-circular inter-

preter, automated model-checking has been used to validate The inference rules d?-logic comprise aoreset, char-

Haskell, plus a set of algebraic laws for the interpreted op-

erators of arithmetic data types, monads and the derived op-
erators of certain classes. We are concerned here only with
the core set of rules. The rules in the core set, since they do
not attempt to axiomatize specific algebras, are polymor-
P-logic is a verification logic for the programming lan-  phic.
guage Haskell. Its term language is the set of Haskell terms
that are syntactically well-formed and well-typed in a con- gynect 4 parametricity result to hold. We expect that if a
text of module, class, type and expression declarations. i s valid when interpreted at any specific type, it must

As a verification logic, itis comprised of inference rules, g valid at all types. With such a result, which we prove
here expressed in sequent calculus style, that characterizg, section 3, a soundness proof of an inference rule can be
the functional behavior of Haskell terms. However, since 55 upon an interpretation of the rule at a single type
Haskell is not defined in terms dt-logic, an immediate  \yhich may be chosen to be finite. Checking the validity of

question is: how can we be sure that the inferences made, e in all interpretations in a finite type becomes a finite
in the logic are coherent with the abstract semantics thatmodel-checking problem.

actually defines Haskell? In other words, how do we know ) )
thatP-logic is sound? In the remainder of the paper, the ideas sketched here
are developed more formally. In Section 2, we give a brief

Generally, soundness of a logic is shown by exhibiting . : X , ;
introduction toP-logic and its semantics, which have been

a model for it, i.e. a non-trivial interpretation of the logic. X
The need to provide models to assure sound logical reasonmOre fully defined elsewhere [6]. The meta-theory of para-

ing about rich, programming calculi provided the original metr_icityforP-Iogic is developed in Section 3, using logical
motivation for developing denotational semantics. relations.

P-logic is unusually interesting as a verification logic be- A meta-circular interpreter provides a denotational
cause it is able to express a critical properties of programsmodel of Haskell [4] which we have used in automat-
in a non-strict language, such as whether a term in contexting model-checking of inference rules Bflogic. Model-
necessarily denotes a well-defined value. With the ability to checking is described in Section 4. Section 5 summarizes
define predicates recursively, either finiteness or unbound-conclusions and directions for future work.

1 Introduction

Since the core logic is polymorphic, it is reasonable to



2 A brief introduction to P-logic

P-logic is designed to express property assertions of
Haskell expressions, utilizing the context of a Haskell pro-
gram to provide bindings for free term variables that may
occur in an expression. The term languagePdbgic is
Haskell98. The formula language is a predicate calcu-
lus with interpreted equality, extended into a mu-calculus
which allows least and greatest fixed-point formulas to de-
fine predicates, and equipped with a modality for expression
evaluation.

The atomic propositional forms d@-logic either assert
term equality,t; ===t,, or that a term has a property ex-
pressed as a unary predicate;:: P, or more generally,
that ak-ary predicate expresses a propertycdgérms. The

symbol (:::) expresses a (unary) property assertion, in anal-

ogy to the symbol (::) that expresses a typing assertion in
Haskell. In this paper we shall consider only those formu-

las that express unary predicates, referring the reader to a

more complete definition of the logic [6] for the treatment

of multi-place predicate formulas, including equality.
Informally, we intend that an assertion:: P should be

true in a given context if evaluatingby Haskell's deno-

tational semantics results in a value that manifestly satisfies

the propertyP. But what if evaluation of is not necessarily

demanded in the program context in which the assertion oc-

curs? Because of Haskell's non-strict evaluation semantics
two notions of satisfaction of a predicate are sensible.

We say that a predicat), is weaklysatisfied by an ex-
pression)M if the denotation ofd/ belongs to the set de-
fined by the interpretation oP. It is strongly satisfied if
in addition, the denotation af/ is non-bottom value. An
otherwise weak assertion context can be explicitly strength-
ened by prefixing the symbol ($) to a predicate formula. A
strengthened predicate can only be strongly satisfied.

2.1 Predicate formulas

There are two atomic predicatesRAogic
e Univ is the universal predicate satisfied by all terms,

e UnDef is the predicate of undefinedness, satisfied only
by terms which denote..

There are five ways that compound predicate formulas
are formed irP-logic.

e The connectives of the underlying propositional logic
are “lifted” to work as connectives on predicates. For
example, the conjunction connectivey)(is lifted to
a predicate connective by the definition::: (P A

Q) =gt (z ::: P N x::: Q).

e Constructors of datatypes declared in a Haskell pro-
gram text are implicitly “lifted” to act as predicate con-
structors inP-logic. Predicates formed in this way are
calledterm congruencesFor example, in the context
of a formula, the list constructor combines two predi-
cates,P and@, into a new predicate formuléP : Q).
This formula is satisfied by a Haskell expression that
evaluates to a fornih : ¢t) and whose component ex-
pressions weakly satisfy the assertigns:: P and
t :: Q. The default mode of interpretation of the
component predicates is weak because the semantics
of the list constructor allows undefined values as its
arguments.

The “arrow” predicate constructor is used to compose
formulas that express properties of function-typed ex-
pressions. A formuld® — @ is satisfied by a function

if when the function is applied to an argument that sat-
isfies P, the resulting application satisfi€s

e Aleast or greatest fixpoint binder may bind a predicate
variable in a prefix of a predicate formula. Thendv
binders of the mu-calculus, but are writtenlds and
Gfp in formulas ofP-logic.

The propositional connectives\” and "v” are lifted
to predicate constructors, with meanings defined by

t:: (P AQ) tP At @
t:(PVQ) =tPVitQ
2.2 The modality of Haskell terms

When used in conjunction, lifted connectives, term con-
gruences and fixpoint binders allow detailed properties of
Haskell expressions to be formulatedHdogic. For exam-
ple, a unary predicate asserting that an expression of type
List adenotes a finite list can be defined as

V (Univ : $X))

The body of the formuldinite_list asserts the disjunction
of two constructor formulas. The first, a lifting of the data
constructor{] , is satisfied by an expression denoting the
empty list. The second disjunct is satisfied by a term denot-
ing a constructed list whose tail is non-bottom and satisfies
the Finite_list property.

To characterize lists for which every listed element sat-
isfies a common property, we can declare

property All_eltsQ =qet GfpX.([] V (Q: X))

in which a predicate), is a parameter of the declaration.
The propertyAll _elts includes both finite and infinite

lists. This property definition differs from that &fnite_list

in two important details: (1) the binding operator in the for-

mula is Gfp rather thanLfp and (2) the predicate variable,

X, is unstrengthened.

property Finite_list = Lfp X. ([]



2.3 Inference rules inP-logic application can be proved to satisfy the predicate formula
H without assuming a property of the function to hold at a

Rules inP-logic are shown in Figure 1 in a sequent calcu- recursive application.

lus stylé. Unlike a natural deduction style, in which com- The second antecedent clause of (12) provides an induc-

plementary introduction and elimination rules are given for tion step. The inductive assumption asserts the property

each construction of the term language, there are only intro-H of an application of,,, to an argument restricted by the

duction rules in sequent calculus style. However, a propertyproperty P,. The term variablen may occur int,,, and the

introduction may occur either on the right of the turnstile predicate variablél may occur inH.

symbol, as a conclusion, or to the left, as an assumption. The consequent of this rule asserts an l.f.p. property

Assumption introductions play a similar role in the sequent of a recursively defined functiom when its definition,

calculus as do elimination rules in natural deduction style. m ===+t,,, is added to the context. The constraift,=

The sequent calculus is well suited to a goal-directed veri- P, V P,, is necessary to ensure soundness of the rule.

fication logic, as each rule specifies verification conditions For completeness, we usually want the additional condition,

for a property matching its consequent. P v P,=P.

2.3.1 Fixed-point properties of a recursive function  2-3.3 Greatest fixed-point properties

definition To prove a g.f.p. property stated with term congruences,

Typically, the properties one wishes to express of terms thatWe make use of the fact that Haskell data constructors
arise from recursive definitions in Haskell can be charac- @re uniquely invertible. Thus a constructor pattern pro-
terized with least fixed-point (1.f.p.) or greatest fixed-point Vides, implicitly, deconstruction functions that project out
(9.f.p.) predicates, which are definable in the mu-calculus. the component subtgrms ofa constructe.d te_rm matchmg.the
A predicate variable bound in the prefix of a fixed-point for- Pattern. The semantics of pattern matching in Haskell relies
mula by eitherLfp or Gfp is in scope over the entire for- UPON this isomorphism between a constructed term and its

mulz2. components. So do the term congruenceB-tifgic.

A formula, H, is admissiblefor fixed-point iteration if Rule (13) concludes a fixed-point property of a
it contains only positive occurrences of the free predicate "ecursively-defined term. The predicate variablemay
variable that is to be bound by the fixed-point iterator. occur in H but not inP and X ¢ FV(I'). The second

antecedent clause asserts that whert,arstrongly satis-
fies H, the term variablen satisfies propertyX. Since the
predicate in the conclusion of the consequent is defined by
To prove an L.f.p. property of a recursively defined function, a g.f.p. formula, the base case for induction is the first an-
the function definition may be partitioned into base casestecedent]’ F ¢,, ::: $H[Univ/X].

and induction cases. For simplicity, we shall limit the num-
ber of cases to just two, which are characterizeddyyara-

tion predicatesP; and P», respectively. The intended use
of separation predicates is to partition the argument domain
into one subset on which the function’s definition yields a ) i
result without recursive invocation and a second subset onP@sed upon the universe of typed ideals of MacQueen,

which the definition must invoke recursion to return a result, P10tkin and Sethi [7, 1]. In an ideal model, the elements
In rule (12) for I.f.p. propertiesy is a predicate variable ~ Of @ C:p-0. semantic domain constitute a single, untyped
that may occur inH but does not occur i, or P, and universe. Ideals are downward-closed sets which contain

X ¢ FV(D). the limits of their directed subsets. ldeals have non-empty

The first antecedent clause of (12) provides a base casdntersections; in particular, the bottom element of a pointed,
for induction. The assertiom ::: Univ in the context of  C:P-0- universe belongs to each of its ideals. The types of

the first antecedent ensures that its conclusion cannot def1askell expressions are naturally modeled as ideals, since

pend upon any specific property assumed of the term vari-€V€rY Has_kell type has a bottom element. The limit points
ablem. This antecedent clause asserts that whenever ternPf chains in an ideal that models a type represent the “val-

t,, is applied to an argument restricted by propePty the ues” of the type. Not all ideals are associated with types,
however.
'The set of rules given in Figure 1 is incomplete. In particular, no Ideals also provide satisfactory models for the admissi-
zthrg\(lzvt#ral rules to justify weaker conclusions or stronger assumptions arep|e predicates dP-IOgiC, which refine the types of Haskell.
2In P-logic, we use the identifiersfp and Gfp as substitutes for the ~ AS We shall seeR-logic also specifies a strong modality for

greek letterg, andv used in mathematical treatments of the mu-calculus.  predicates, in which the interpretation of the predicate “cuts

2.3.2 Least fixed-point properties

2.4 Semantics oP-logic

The semantic models we shall consider for Haskell are
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Figure 1. Inference rules of P-logic

off” the bottom element of its ideal model. A strong predi- 2.5.1 Universal predicates

cate is satisfied only by expressions whose denotation is no . . .
i y by exp tThe predicate constantiiv andUnDef represent the uni-

versal predicate and the unsatisfiable predicate in each type.

.. . . The interpretations of these predicates are:
2.5 A semantic interpretation of P-logic P P

JUniv[Pred™ =[], JUnDef[Ped™ = {1}
Let .AH ,H i (Term>< Type — Env— A be a meaning ﬂ$UniV|]PredT _ [7_1 ﬂ$UnDefﬂPredT _ {}
function that maps every well-typed Haskell expression to
its denotation in a domaisl, whereEnv = Var x Type—
A. When the domain of interpretation is unambiguous, as
when we are only talking about a single domain, the domain The meaning of a term congruence predicate formed with a

2.5.2 Term congruence predicates

identifier will be omitted. k-ary constructorC' € X7, is
We use the following notation to distinguish terms and
formulas from their meanings: ((C, (1,5 7k)) €XF) = [C Py P[PeI7 =
{C]—‘r] t1- -tk | t, € leﬂpredn VAN
A[r]. isthe ideal containing interpretations of terms Aty € | P[P} U {1}
of typer

The above interpretation is for a non-strict datatype con-

A[r]  isthe set of interpretations of terms of type structor.

excluding L 4 (i.e, A[7] = A[7]1\{L4})

The meaning of a term constant at a typgis 2.5.3  Arrow predicates

An arrow predicate characterizes a property of a function-
typed term. We can read a proposition suchlas:: P —
Formulas will be interpreted as characteristic predicatesQ as the assertion “whehl is applied to an argument that

of sets (posets) in an abstract domain for Haskell's seman-has property”, the application has property”. We caII_
. ) . the subformula to the left of the arrow the domain predicate
tics. The meaning of a predicate formulR, at a type

Predr, is denoted as and that to its right the range predicate.

AlC, T[n=Cur e AlT] L

bred - I]P N QI]Pred‘r1—>T2 —
AlP| C AlT|L (felnll — [m]L | Voe PP e f 2 e [Q[Ped™)

. . . . u4{L
The interpretation of a strong predicate is L

ored + bred - where the function space is that of continuous functions
AH$P[I = A”P” \{J—A} from I—Tl—‘J_ to |—7—2—|J_.



2.5.4 Predicate conjunction and disjunction ﬂT::typel]M[]”[T/a]. Clearly, the meaning of every polymor-
phic expression includes, as it belongs to the meaning of

[Py A ByfPreds — [Py [Pred™ () | Py[Pred ™ the expression at every specific type.
bred bred bred Parametricity is consequent to the interpretation of type
[P v P70 = | P[0T U [P0 quantification. At a polymorphic type,
VYa.o __ olt/a
2.5.5 Fixed-point formulas R - ﬂ Rt/
T::type

The interpretations of least (greatest) fixed-point formulas
are given in terms of infinite unions (intersections) of inter-
pretations of finitely iterated syntactic substitutions of the
matrix in place of the recursion variabl&;. The zeroth
iteration is specified by definition to kénDef in the inter-
pretation of an L.f.p. formula, andniv in the interpretation

of a g.f.p. formula. Thus the interpretations are dual.

This interpretation has the consequence that meanings re-
lated byR "> cannot depend upon constants of any partic-
ular type that might substitute faor.

Corollary 3.1: Supposed and B are pointed c.p.o. do-
mains and lelR C A x B be logical. For every pointed
type,o, R7(L 4, Lg).

ILfpX. H|Ped™ = U2, [HI[Pred™ 3.2 Models forP-logic
where H° = UnDef
HI*t! = H[HT /X A model for P-logic extends a Haskell model by pro-

viding interpretations for predicate constants and predicate
constructors. We wish the meanings of predicates to refine

[GfpX. H[Pred™ = Nj=o |7 |Predr the meanings of types and furthermore, to give meanings to
where H0 =Univ predicates defined as least or greatest fixed points of predi-
H'™' = H[HT /X] cate constructors. The meaning d?eedo-typed predicate

in P-logic can be defined as a characteristic predicate over
the domain that interprets the corresponding Haskell term
type,o. As was mentioned briefly in Section 2, ideal mod-
els are also appropriate for predicates.

A type-indexed family of unary predicate®, over an

Logical relations were introduced into programming lan- applicative domain of c.p.0.s, is directed-complet# it is
guage theory by Mitchell and Meyer [9] to formalize prop- closed under limits of directed sets, at every typeintedif
erties of the second-order lambda calculus. They have sincepe (| ) at every typeg. Directed-complete (resp. pointed)
been used by many authors to derive parametricity proper-predicates are closed with respect to the operations of pred-
ties of polymorphic functions as well as representation in- jcate disjunction and predicate conjunction. A predicate ar-
dependence [11, 3, 2]. Intuitively, a logical relation is a row, P — @, constructed from directed Comp|ete predi_
type-indexed family of relations between (possibly differ- cates P andQ, is also directed complete, as it is comprised
ent) semantic representations which preserves the algebraigf the continuous functions from a domain satisfyifigo a
behavior induced by modeling the calculus. Here, we con- domain that satisfie§. Continuous functions are just those
sider logical relations for a calculus with the type system of \hich preserve order and respect limits of directed sets.
Haskell, in which type variables may universally quantified, Definition3.1: A (unary) predicate formula® is logical iff

but only in a global context. it is directed-complete and downward-closed.

A logical predicate is pointed at every pointed type,
which for P-logic, is every type.

3 Logical relations and parametricity

3.1 Logical relations over domains

Logical relations were first developed for strongly nor-
malizing applicative structures that provide semantics for
typed lambda calculi without recursion. Logical relation Notice that the type of a predicate is contravariant in the
can be extended to full, continuous hierarchies of c.p.o.stype of expressions that may satisfy it; iRredr = 7 —
that provide semantics for lambdia-calculi. These rela-  Prop. This has an important consequence; the meaning of
tions must respect the partial order structure of domains. a polymorphic predicate is the union of its meanings at all

Polymorphism is implied by universal quantification type instances}P[">-Pede — J_ [P[Predelr/el,
over a type variable. The meaning of a polymorphic  Forexample, the (polymorphic) meaning of the universal
expression is the intersection of its meanings taken atpredicateUniv, is [Univ|v®-Prede — UT::typeﬂUnivﬂP’edT =
all instances of the quantified type variabl@/["*-" = U...typel 71 1, Which is the entire semantic domain.

3.2.1 Polymorphic predicates



3.2.2 The strong modality

A P-logic predicate in the $-modality satisfies the defini-
tion of a logical predicate except that it is (specifically)

unpointed. That is, its semantic interpretation is directed-

andQ :: Pred o are related byRP™47 C o(A) x p(B)
iff for all terms s, ¢t :: o, R7(A[s], B]t]) = (A]s]’ €
AHPHPredo PN Bﬂtﬂa c BHQHPredg)_

Lemma 3.1: Let o, 01,...,0,, T be pointed types and

complete and downward closed except that the bottom ele-supposeR C A x Bis logical. Then

ment of the domain in its type is removed from the interpre-
tation. We say of such a predicate that isteongly logical

3.3 Predicate logical relations and the representa-
tion independence lemma

The Basic Lemma for logical relations establishes
representation-independence of term reduction. To estab-
lish representation independence of predicate satisfaction in
P-logic, it will suffice to show that observations restricted
by predicate satisfaction are logical, i.e. that they satisfy
the conditions of a logical relation.

More specifically, for a class of admissible predicates
two equivalently typed terms are related modulo observa-
tion by a predicate formula, in related term and predicate
environments, if satisfaction of the proposition in any one
model is logically equivalent to satisfaction in any other
model.

Predicate formulas characterize the observations on
which a relation is founded. A predicate variable occurring
in the formula may be instantiated to any logical or strongly
logical predicate of the type assigned to the variable, just
as term variables may be instantiated by type-conforming
valuations.

Since the strong modality of a predicateRrogic re-
stricts the satisfying interpretations of a term to non-bottom
elements of the semantic domain in its type, it is possible

e RPe7(AJUniv], B]Univ])
o RPI7(AJUnDef[, B]UnDef])

o RPed(AI$P], B]$Q]) < RPedo(A]P], B]Q])

RPredo (AP, B]Ps]) A
RPeA@=T)(A]P; — Q1], B|P> — Q2]) =
RPrEdT(AﬂQ1H,BHQ2H)

RPredU(AHCnPI v Pnua BHCan s Qn”) A
Vi€ 1..neRPI7(A|R], B|Q:])
whereC" :: 01 X --+ X 0, — o IS ann-place constructor
andP — {$Pi if ¢ is strictin itsi’" argument
’ P, otherwise
andQ; is defined similarly

RPreA?(A[ P, BIPo]) ARPE7 (A]Qu |, BIQa[) =
R (AP A Qi BIP2 A Q2l)

RPA7 (AP, BIPy[) VR (A]Qu], BIQ2]) =
RPEA7(AIPL V Q] B]P2 V Q)

Proof: The proof is by induction on the structure of non-
recursive predicates. (See Appendix).

to express relations that cannot be expressed by relation§-orollary 3.1: Type generalization of relations between
between unpredicated terms. Such relations lead to “freePredicates.

theorems”; for example, that there is a unique, non-bottom
member of the typ&a e a — «. Using only relations be-
tween unpredicated terms, the strongest provable result for
this type is that it contains only two members, namely the
identity function andL.

3.4 Logicalrelations extend to models of predicate
formulas

A logical relation between domaing, C A x B, induces
a relation between powersets of the domaiR§™ - C
p(A) x p(B). This enables us to relate models of predi-
cate formulas.

Definition 3.2:
If R C A x Bis alogical relation, predicateB :: Predo

3The formulas constructed inductively from the formation rules given

in Section 2 are admissible, as no predicate variable occurs in a negatedf€€ occurrences of predicate variables.

position.

R¥ePreda (4] P, BIQ]) =
Uraype R/ (A1 P, BIQI)

3.4.1 Predicate environments

A predicate environment maps predicate variables to their
meanings in a model. We writéP(.4) to designate the class
of logical and strongly logical predicates over a semantic
domain, A. To express that predicate environmenis::
PredVars— LP(.A) andm, :: PredVars— LP(B) respect a
type environmentl’, we writerr,, m, = T
Definition 3.3:  RY (74, ™) =
VP ¢ PredVarse R'' (7, (P), m(P)), wherer,, m, =T
Relations between predicates can now be ex-
tended to predicate formulas in which there may be
We write
RPede (A|P|r., B]P|m) to express such a relationship.



3.4.2 Extending logical relations to recursively speci-
fied predicates

In a pointed applicative c.p.o. structuré, the semantics of
a least fixed-point predicate formula is given by

AlLfpée H| = D AJH[UnDef][”

where H[P] P
HW [P = H[H'[P]/g].
The semantics of a greatest fixed-point formula is:

A|Gfp& e H|” = (1) AJH'[Univ]]”

=0

Lemma 3.2Let o be a pointed type and suppdBeC Ax B
is logical. Then

RPedo(A[Lfp& e H|, B|Lfp& e H|) and

RPedo(A|Gfp& e H|, B|Lfp& e H|)

iff 3P :: Predo e RP®4(A|P], B P]) =
R (AJH[P/E]], BIH[P/€]])

Proof: (See Appendix).

3.4.3 Parametricity for polymorphic predicates

The interpretation of predicates under type generalization
yields a parametricity property that is dual to the property
of parametricity for terms. Under type generalization, the

meaning of a term can depend on no semantic element thalt_)ro

is particular to any instance of a generalized type variable.
This restricts the meanings assigned to terms of a polymor-
phic type, yielding unique elements in a set interpretation
and unique upper bounds in a c.p.o. interpretation.

Dually, the meaning of a predicate can impose no con-
straint that is particular to an instance of a generalized type
variable. Consequently, two predicates are related at a gen
eralized type iff they are related at any particular instance of
the type.

Theorem 3.1: Parametricity for predicates.

LetR C A x B be alogical relation. Then the following
are logically equivalent conditions for the induced relation
of predicates”? and( at a generalized type:

RYe-Prede (A1 P|, B|Q]) and
37 :: types RPAI/21( A P[, BQ])

Proof: (See Appendix.)
O

A type-parametric property can be observed at any type
instance of the polymorphic predicate that encodes the

property. The predicate parametricity theorem formalizes
this intuition. For example, the polymorphic predicate
DefinedHead= ($Univ : Univ) :: Va.Pred [o] is satis-
fied (in any model) at the typgnt] by the meaning of the
term [1,2,3] and at the typfChar| by the meaning of the
term ('A': undefinejl

3.4.4 Satisfaction of a predicate formula is model-
independent

A judgment that a typed term satisfies a predicate can now
be given a semantic interpretation. In a moddl, with
value environmenty, and predicate environment, the
meaning of the judgment forin > M :: o ::: Pis

Al>M 0 ::: Plnpm =
Al > M ::o|n € AT > P :: Predo|n

We shall only be interested in type-coherent interpretations,
forwhichnr =T

Lemma 3.3 Satisfaction of property assertions is model-
independent.

Suppose), andn, are related valuation assignments, type-
compatible with the type assignmdntand suppose, and

m, are related predicate environments, also compatible with
I". Then

(RO(AT > M :: o|ne, BT > N :: o]n) A
RPeA (AT > P :: Predo|r,, AT > Q :: Predo]m,)) =
(AIT>M 20t Plngmg < B> N i o 2 Qnp )

of: The lemma is a direct consequence of the Basic
Lemma for models and its extension to predicates, Lemmas
3.1 and 3.2, applied to the meaning of a judgment form.

3.4.5 Parametricity and polymorphic property asser-
tions

There is also a parametricity result for polymorphic prop-
erty assertions, which is a consequence of Corollary 3.1.

Corollary 3.2: Supposé&/a :: typee M ::: P is an asser-
tion well-typed under a typing contektand closed under a
type-compatible value assignmentThen

[T>M::: Plnp =
31 types [I[7/a] > M|y € |[I'[7/a] > P

Corollary 3:2 can be extended to characterize validity of
an assertion in which there occur free term variables not
bound by the valuation assignment and in which free predi-
cate variables may occur in the predicdte,

Definition 3.4: Validity of a polymorphic property asser-
tion.



Suppose an assertitfa :: typee M ::: P is well-typed variables. This provides a necessary and sufficient condi-
under a typing context’ but is not necessarily closed un- tion to determine that a rule is coherent with the semantics
der a fixed value assignment and that the predicate?, interpretation given by the model. For those rules in which
may contain free predicate variables. The set of predicatethe conclusion asserts a simple property (i.e. a property that
variables that occur free iR is denoted byFV(P). Such does not require a fixed-point), choosing a finite type in-
an assertion igalid in a typing contexi® and valuation as-  stance renders soundness as a finite model-checking prob-

signmenty; iff lem.
For rules that concludéfp or Gfp properties, finite

37 i typee model checking alone cannot assure soundness. However,
V' FV(M) \ Dom(n) — [.[T'e Lemma 3.2 provides the meta-theory on which soundness of

vV FV(P) — p(].[[)e a conclusion involving a fixed-point property rests. It gives

non,mEI= sufficient conditions for soundness ofL& or a Gfp rule,

IT[r/a]>Mnen' € |Ur/a]l > Plr expressed in terms of predicates that are not recursive. The
0 conditions needed to discharge the hypotheses of Lemma

Validity of a polymorphically typed assertion can be es- 3.2 can indeed be checked with a finite model.

tablished at any type instance, but requires the assertion to ¢ ('jrhe e.lemenht_s hOf Tclll mo_(;eltlzormha. typef—mdex_t;d f]:".‘”.‘t"y
be satisfied under every valuation and predicate assignmen? doTa]Lns, Vr;' 'Ck. Wi gwde € cf0|c|e N s;/p\;ec(lj!cé. n _eh
compatible with that type instance. This requirement pre- MOdeIs Tor checking soundness of Tules. - Ve distinguls

cludes the validity of an asserted property that is specific to properties that can be expressed in terms of the free types
a type substituted for the quantified type variable. of Haskell from those that rely upon an underlying algebra
of specific types, or type classes. Rulesdbgic express

Theorem 3.2: Validity of polymorphic assertions. only the properties of free types. For most properties of
If a polymorphic property assertiofw :: types M ::: P, non-free algebra-logic relies upordecision procedures
well-typed in a typing contextl’, is valid at any specific  to determine equivalence of terms modulo a particular al-
type instancel’[r/a], then it is valid at every type instance. gebraic theory, or a combination of such theories. Deci-

Proof: Immediate from Definition 3.4 and Corollary 3.1.  sion procedures and their compositions must be validated
by means external tB-logic.

3.5 \Validity of inference rules 4.1 Finite models for Haskell types

A rule asserts a propositional implication of a conse- | this section, we consider the type constructions of
quent judgment from zero or more antecedent judgmentpaskell, to show how each can be represented by a finite
forms. A rule issoundif the propositional implication in  type to model the rules dP-logic. The elements of a se-
terms of which it is formulated igalid for a model. mantic domain are taken to be either the explicit bottom

An inference rule typically contains both free term vari- glement, |, or constants of the type, or pairs of elements,
ables and free predicate variables, as a rule formulates hovr fixed-length lists of elements.
properties of component terms are propagated to cOmpos-  An element of a datatype is modeled by pairing a con-
ite terms and vice-versa. Furthermore, rules of the corestant, which represents the data constructor, with a list of
of P-logic are polymorphic, as the core logic characterizes glements representing the arguments of a constructor appli-
just the applicative structures and the free term algebras ofcation. An element of a (finite) function type is modeled by

Haskell. Theorem 3.1 tells us that a polymorphic property 3 |ist of pairs, representing a monotonic function by a trace.

can be observed at any type instance of a quantified type.
The elements oBool are |, TrueandFalse

Corollary 3.2: The validity of a polymorphic rule oP-

logic can be observed at any type instance. The trivial type,Void, has two elements, and ().
_ _ A product type, (11, 72), has the elementd. and
4 Checking soundness of rules dP-logic {(a,b) | a€[r]Landbe [r]L}

An arrow type,m; — 79, has as its elements and the

T rve th ndn f lymorphic rule, wi n -
0 observe the soundness of a polymorphic rule, we ca traces of all monotone functions from to 5.

pick a type instance and for the chosen type, check that the

propositional implication of the rule’s conclusion from its We choose a representative datatype Prelist o5 =
hypotheses is satisfied under every type-conforming value Nil | Consa . Elements ofPrelist 7, are L,
assignment for term variables that occur in the rule and ev- (Nil, [1) and members of the s¢tCons [ab]) | a €
ery type-conforming predicate assignment for its predicate [T1]L andb € [m2] .}



Notice that we have not chosen a recursive datatype con- e the bottom element in the semantics domain is inter-
structor, such asist. It is not necessary to choose a re- preted by the Haskell constamtdefined, whose eval-
cursively defined type, as no rule Bflogic depends upon uation aborts execution of the interpreter;

implicit fixed-points. In fact, the only rules in which there
occur terms of datatypes are (9), (10) and (11) in which
there are no nested data constructors.

In checking any rule, the principle followed is to choose
the least complex type possible to instantiate any type vari- A consequence of these design choices in the interpreter
able of a parametrically polymorphic typed term. Thus, for is that it aborts execution whenever it calculates a bottom el-
instance, to check rule (5) for abstraction introduction, we ement in the domain—which is unacceptable for modeling

would choose the typ€ — () to model an arrow type. predicate satisfaction iR-logic. Therefore, the semantics
interpreter of [4] has been modified. Domain elements are
represented in the following type:

e function values are interpreted by functions pro-
grammed in Haskell, i.e. by explicit abstraction ex-
pressions.

4.2 Modeling predicates

data V
When a type instance of the term (or terms) in arule has = _Void - value of type Void
been chosen, the typing of every predicate in the rule is also | Tagged Name [V] - data structures
. . | TV [V] --- tuple values
determined. To check soundness of the rule, we must simu- .
late all t tibl dicat . ts to th di | FT [(V,V)] --- trace of a function
ate all type-compatible predicate assignments to the predi- | oo - the bottom element

cate variables that occur in the rule. The predicate interpre-
tations at a finite type are finite constructions from the predi- Function application is modeled using the Haskell library
cate constructors that are defined for the type. At every typefunction lookup on the trace representation of a finite
we have the predicatdsniv, $Univ, UnDef and$UnDef.  function.
Notice howevgr, that no information is g(_)tten from the as- app =V >V >V - Application
signment ofUniv, as this predicate contains every element 555 (FT trace_elements) x =
of the corresponding type domain, or from the assignment  case lookup x trace_elements of
of $UnDef, as it is unsatisfied by any domain element. Nothing -> error ()

In addition to the interpretations &Univ and UnDef, Just r > r
additional predicate interpretations are included in an
assignment at a particular type. At a product type,
Pred (7,72), we add the interpretations ofP
Pred 1, @ :: Pred7»), whereP and @ are fresh predi-
cate variables. For a predicate of an arrow type,— 7,
the interpretations o — (@, whereP :: Pred r; and ; ; N
Q :: Predr, are added. For datatypes, RepPrelist Void Void =

Using these representation types, it is straightforward to
model the domain elements of a finite Haskell type. A do-
main is calculated by the semantics representation function,
Rep:: type— V. For instance,

{Bottom
Bool adds the interpretations dfrue, False $True and Tagged “Nil" []
$False Tagged “Cons”[ Bottom,Bottorh,
Prelist adds the interpretations &fil, Cons P Q $Nil and Tagged "Cons’[ Bottom,Void!,

Tagged “Cons”[ Void,Botton ,

$Cons P QwhereP andQ are predicate variables. ! ;
Tagged “Cons”[ Void,Void }

4.3 Model checking of inference rules A monotonic, finite function space of type— b is calcu-
lated algorithmically as the set of all monotonic traces from
4.3.1 A machine-interpreted model for Haskell Rep atoRep b

An abstract semantics for Haskell, coded in Haskell, pro-
vides a meta-circular interpreter [4]. This interpreter, while
not implementing the 10 monad or garbage collection for An initial step in model-checking a polymorphic rule is the
heap storage, provides an executable model that is simplehoice of a type instance, justified by Corollary 3.2. In-
enough to be certified by inspection as a faithful interpreta- stantiating each universally quantified type variable at the
tion of the language definition. With two exceptions, thisin- type Void meets this requirement. For rules (9) and (10),
terpreter meets our need for a model against which to checkwe choose the typPrelist Void Voidand for rule (11) we
the soundness of the polymorphic rulesRefogic. These choose a variant dPrelistin which the constructo€onsis
exceptions are: strict in its first argument.

4.3.2 Automated model checking



A valuation assignment for the free term variables occur- 5 Conclusions

ring in a rule simply binds each variable to an element of the
type domain which corresponds to the type of the variable.

We have shown that the problem of proving soundness

Universal quantification over valuation assignments is real- for polymorphically typed inference rules in a modal, mu-
ized by iterating through all possible value assignments, for calculus can be reduced to finite model-checking. For
each variable independently, for the finite typing at which logic, which is a new, verification logic for Haskell, sound-

the rule is to be checked.

ness is not an obvious property of proposed inference rules,

Similarly, a predicate assignment binds each predicatethus an automated technique to check soundness makes an
variable that occurs free in a rule to a subset of the typeimportant contribution.

domain to which it corresponds. Quantification over pred-

Further development d?-logic will include embedding

icate assignments is realized by iterating over all possibledecision procedures for decidable cases of disjoint alge-

predicate assignments.

braic theories associated with the class hierarchies of the

At each valuation and each predicate assignment to theHaskell type system, such as integer and rational arithmetic,
free variables occurring in a rule, the truth of the proposi- booleans, and an algebra of lists.

tional implication realized by that particular instance of the
rule is checked. A proposed rule is sound if all such checks
succeed, at the selected type; unsound if any such instanc
of the rule is false.

For example, the polymorphic rule (6)

I'EFN:P MN:QFA
I M:=:$(P—-Q)FA
can be checked under the typing assignmeéwnt

Void, M :: Void — Void, P, @Q :: Pred Void For each par-
ticular valuation assignment and predicate assignment, we

(ArrowLeft)

calculate from the antecedent clauses of the rule the weakest 2]

context assumptior,, and the strongest entailmer, for
which all antecedents are true. Then, the truth of the con-
sequent is checked, relative to the calculated context and
entailment, using the semantics model to evaluate Haskell
terms.

In checking the ruleArrowLefi), the context calculated
from the antecedents provides a binding for a term (the vari-
able, N) to which the term variablé/ in the conclusion
can be applied to produce a proposition that logically im-
plies the previously calculated entailment. This succeeds
under each valuation and predicate assignment for which
the antecedents of the rule could be validated; thus the rule
is deemed sound.

However, when the hypothesis in the consequent of the
rule is weakened, as in
'EN:::P MN:QFA

'M::(P—-QFA
the rule is found to be false under the valuation assign-
ment [(N, Void), (M, Bottom)] and predicate assignment
[P Univ, @ = $Void. Under these assignments,
we calculate from the antecedents a weakest context con-

(Unsound

straint(\V, Void) € T and a strongest entailment constraint [10]

(M N,Void) € A. These constraints are not both satis-
fiable by the consequent, under the semantics of applica-
tion. Thus, had the modified rule been proposed as a rule
of P-logic, it would have been found unsound by automated
model checking and rejected.
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Appendix: Proofs omitted in the text:

Definition A.1: Logical relations over pointed c.p.o. do-
mains.

Let A and B be A\~ domains for a signature;, that
includes polymorphic operatof$roj,, Proj,, App, Fix}

and a type-indexed family of constants’.

A logical relationover full continuous hierarchied and3

is a family of relations indexed by type expressions over a
signature> such that:

1. R° C A? x B¢ for each typer

2. R?(Consty(c), Consg(c)) for every typed constant
ce X,

R (f,g) iff Vo € A%, y € B eR(z,y) =
RT(APP 4 f 2, APP 9 Y)

. R7*7(p, q) iff R?(Proj, p, Proj, ¢) and
R™(Proj, p, Proj, q)

. R is directed-complete as a unary predicate over
A x B; i.e. limits of related directed sets are related

. Foralla’ C ain A° andd’ C bin B°,
R?(a,b) = R°(d, V)

7. R777(f,9) = R?(Fix4 f, Fixs g)
O
This definition is essentially that given by Mitchell [8], and
extends the basic definition by addition of the fifth and sixth

clauses, which require a relation to be directed-complete
and downward-closed with respect to the order structures
of related domains, and the seventh clause, which extends

the relation to fixpoints.

Lemma 3.1: Let o, 01,...,0,, 7 be pointed types and
supposek C A x Bis logical. Then

o RFAT(A|PL[, B]|P2]) v RP®47 (A]Q1],
RPAT (AP, V Q1] B]P V Qa)

Proof: The proof is by induction on the structure of non-
recursive predicates. For each form of predicate, we show
that the semantics of a ground term at the given type sat-
isfies the relation iff it belongs to the set specified by the
predicate in both the model$ andB.

case Univ :: Predo: Since AJUniv[P®d? = A[os], and
B]Univ[Prde = B[o], conclude that/te AJt] €
A]Univ[Prede andB][t]® € B]Univ|Prede

case UnDef :: Predo:

B|Q2]) =

Vi oeAft] = La € A|UnDef] =
Jt’ s o e B|t'| = Lg € B]|UnDef] andR°(L 4, L)
case $P Pred o: Since R is downward-closed,

RFA7(A|P], BIP]) «
RECAT(AIPIN {L}, BIPI\ {L})
case P — Q: Vf € AlPp — Qi],9 € B|P, —
Q2] R°~7(f, g) There are four cases:

— f =1 4andg = Lz ThenVa € A|P\], b €
B]P,] ¢App 4 fa = LaandAppz gb = 1p
andR"™ (L 4, 1g)

-f = 14 andg # 1p but Vb €
B|P:]| e Appg gb= LpandR™ (L 4, Lp)

-f # 14 andg = 1p but Va €
A|Pi| «App 4 fa=LaandR7 (L, Ls)

-f # 1y andg # 1p and Va €

A[P1]; b € B]Ps| « R™(APP 4 f a; APPs 9 b)
with App 4 f a € A|Q1] andAppz gb € B[Q2]
o RPI’Ed(O‘—)’T)(A”Pl _ an’ BHPQ N Q2|])

case C©) whereo =dataC® | ... | C(")Tl : ~-7'n

Va € A[o]ea € AJCOiff a = C’A and
(0

o RPedo( A[Univ], B]Univ]) and Vb € Blo]ebe BJCO|iff b= and
RPred( A]UnDef[, B|UnDef]) at each types; R (Y,
Pred o (0) (0)
° RPredo—(Aﬂ$ H H$Q”) @RPrEdU(AHPH,BHQH) < R (AHC H?BHC H)
mip, ... — (0)
. Rprej‘(’(Al])P1|],8|]P2|])A case g<n>[71131...7135”] where o data C | \
Pred (c—T1 n-
R pary s h g g il BlP2 = @l = RPeST (4|1, BIQu) -+ RPE™ (AL P, BIQu]) =
(A[Q1], B]Q2]) (Vay € APy ---a, € A|P,| e
° RPredU(Al]Cnpl ” HCan an) o Vb, € BT”Qlﬂ by € B”Qn”
Viel. n.RPredo (AHPH BI]QI]) R™(a1,b1) A--- A R™(an,b,)) and
whereC™ :: o1 x -+ X 0y, S Va e Alo]|Leac AI]C<")P1 <P iff
— $P¢ if ¢ is strict in itsi*" argument Ja1 € A|P] - ap € APy ea=CYYay ... a, and
andrf =4 p " Gtherwise Vb€ Blo]|Lebe BIC™P, - P,] iff
andQ; is defined similarly by € BIP1[ by € B|Pu]ob = Cgby ... b, and
R”(al,bl) A R™ ((Ln, n)) =
o RPEAT(ALP], BIP[) A RP4(A]Qu], BIQo]) = (Auc<">a1 an[, BICOby ... by[)
RPredo(Aﬂpl A Q1[|78[|P2 A Q2[|) RN RP’ed”(AﬂC(")Pl [| ﬂC(n)Ql Qnﬂ)
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(The argument is similar when the construafdf”) is of g.f.p. semantics. Downward closure of R assures the
strict in one or more arguments, except that the predi- existence of a limit, hence thd and 5 semantics of the
cates in strict argument positions are strengthened.) g.f.p. are also related.

case P A Q: RPe47(A[P], B|P]) and Theorem 3.1: Parametricity for predicates.
RPedo(A]Q], B]Q)) ; RPedo(A|P] N A]Q], LetR C A x B be alogical relation. Then the following
B|P| n B|Q]) are logically equivalent conditions for the induced relation

of predicates” and( at a generalized type:

case P Vv Q: RP®47(A]P|,B|P]) and
RPe47(A]Q], BIQ]) = RP*7(A[P] U AJQ],
- B|P[ U B|Q[)

RVa.Preda(Aﬂpl],B”Q”) and
31 = types RPeAC/ (A P, B]Q)

Lemma 3.2Let o be a pointed type and suppdgeC A x B Proof: From Corollary 3.1 and the definition of logical re-
is logical. Then lations extended to predicates we have

RPredo(A|Lfp & o H|, B]Lfp& e H]) and
RPedo(A[Gfp& e H|, B|Lfp& o H|)

iff 3P :: Predo « RP47(A|P], B|P]) =
RPed (AH[P/E]], BIH[P/E]])

Proof: For the “if” direction of the bi-implication, we can
use natural induction for each of the I.f.p. and g.f.p. forms. B
Suppose the right-hand side of the bi-implication holds. Re-
ferring to the semantics of the I.f.p. formula, we shall show
that every finite union relates to itself.

For an L.f.p. predicate, the inductive hypothesis is

R"(O AJH'[UnDef][, O B|H[UnDef]])

=0 =0

The base case for the induction is furnished by
R (L4, Lp) & RPe7(AJH [UnDef]|, B]H°[UnDef]])

sinceo is pointed andUnDef” = {_L} in every model.

For the induction step, substituf&™[UnDef] for the ex-
istentially bound predicate variablein the right-hand side
of the bi-implication and conclude from the inductive hy-
pothesis and the definition &f?[ P

RPreda(nLj AJH[UnDef][, ’D B]H*[UnDef]|)

i=0 =0

Thus, by natural induction, the semanticsrefimes itera-
tions of H in A andB are related at each natural number,
The nested unions are directed sets. We invoke the property
that a logical relation is closed under limits of finite directed
sets to conclude that the semantics of the I.f.p. formula are
related.

The “only-if” direction of the bi-implication follows im-
mediately from the property of a fixed-poiritfpé e H =
HI[Lfp¢ o H/E].

For g.f.p. formulas, a similar inductive argument, using
for its base cas®"™®4 7 (A[Univ], B]Univ]), shows that the
relation includes all finite intersections from the definition
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Rva'Predg(AﬂPH,BﬂQﬂ) _
UT::typeRPredU[T/a] (AHPH7BHQH)
37 :: typeeVa,bea € A|P|l7/ A
be B[/ & RelT/(a,b)
37 :: typee RPAIT /2l (A P, B|Q])



